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Abstract
We present a proof that every star-product defined on a Poisson manifold and written in a given
quantum canonical coordinate system is uniquely equivalent with a Moyal product associated with this
coordinate system. The equivalence is assumed to satisfy some additional conditions which guarantee its
uniqueness. Moreover, the systematic construction of such equivalence is presented and a formula for this
equivalence in a case of a particular class of star-products is given, to the fourth order in ~.
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1 Introduction
One of the admissible methods of quantization of a classical Hamiltonian system is a deformation quantization
procedure. In this procedure one deforms a classical Poisson algebra C∞(M) of smooth complex-valued
functions defined on a phase space M (Poisson manifold) to an appropriate noncommutative algebra [1–3].
The noncommutative product in this algebra is usually denoted by ⋆ and called a star-product.
The existence of a star-product on any symplectic manifold was first proved in 1983 by De Wilde and
Lecomte [4]. Later Fedosov [5] gave a recursive construction of a star-product on a symplectic manifold using
the framework of Weyl bundles. Independently, Omori, Maeda, and Yoshioka [6] gave an alternative proof of
the existence of a star-product on a symplectic manifold, also using the framework of Weyl bundles. Finally,
in 1997, Kontsevich [7] proved the existence of a star-product on any Poisson manifold.
Two star-products on a given Poisson manifold may not be equivalent. In fact the equivalence classes
of star-products on a symplectic manifold M are parametrized by formal series of elements in the second
de Rham cohomology space of M , H2(M ;C)[[~]] [8–10].
If we choose some coordinate system on a domain O ⊂ M of the Poisson manifold M , then a given
star-product can be written locally in this coordinate system. The simplest case is when a coordinate
representation of the star-product is in the form of a Moyal star-product [1].
To each star-product corresponds a distinct class of coordinate systems, namely quantum canonical coor-
dinate systems. Coordinates which are canonical with respect to one star-product do not have to be canonical
with respect to the other star-product. If O ⊂M is a domain of some coordinate system ϕ : O → R2N then
equivalence classes of star-products written in these coordinates are parametrized by elements ofH2(O;C)[[~]].
The Moyal star-product is in one of these classes. Let us denote this class by S(O, ϕ). So every star-product
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on M which coordinate representation with respect to the coordinate chart (O, ϕ) is in the class S(O, ϕ) is
locally equivalent with the Moyal star-product. For part of these star-products, the coordinates (O, ϕ) are
quantum canonical, like for the Moyal product. The class of such star-products we will denote by Sq(O, ϕ).
The star-products in Sq(O, ϕ) can be used to perform nonequivalent quantizations of a classical Hamil-
tonian system. For this reason the knowledge of morphisms relating the star-products in Sq(O, ϕ) with the
Moyal product can help in establishing the relations between received nonequivalent quantizations. More-
over, the fact that these star-products are equivalent with the Moyal product is useful when constructing
particular realizations of quantizations. This is because we know how to perform quantization by means of
the Moyal product. Especially, we know how to construct an operator representation in the Hilbert space of a
quantized classical system. Thus, if for a quantum canonical coordinate system the star-product is equivalent
with a Moyal product then the problem can be reduced to the Moyal case [11–13]. For this reason we need
a form of an equivalence morphism S, which gives the equivalence with the Moyal product. In this paper
we show that every star-product on a general Poisson manifold, written in quantum canonical coordinate
system on O ⊂M , is locally (globally in particular) equivalent with the Moyal product in these coordinates.
Moreover, we present a systematic construction of the corresponding equivalence morphism S, order by order
in ~ (Section 2). In particular, we derive the form of the morphism S (to the fourth order in ~) for a class
of star-products on a phase space in the form of a cotangent bundle T ∗Q to some manifold Q (configuration
space), where the star-products are generated by flat connections on Q. It should be noted, that in this case
the ~-expansion of S has only finite number of terms which will give non-zero contribution when acting on
functions polynomial in momenta. For instance, to calculate the action of S on functions at most cubic in
momenta we only need S to the second order in ~, and for functions at most of fifth order in momenta the
expansion of S to the fourth order in ~ is required. Further on, we consider a class of star-products on a gen-
eral symplectic manifold, generated by symplectic connections, and construct the corresponding morphism
S to the second order in ~ (Section 3).
2 Construction of the equivalence
Let (M,P) be a general Poisson manifold, where P is its Poisson tensor, and { · , · } a Poisson bracket
associated to P . Denote by C[[~]] the ring of formal power series in the parameter ~ with coefficients in C and
by C∞(M)[[~]] the space of formal power series in ~ with coefficients in C∞(M). On the Poisson manifold
(M,P) we define a star-product as a bilinear map
C∞(M)× C∞(M)→ C∞(M)[[~]], (f, g) 7→ f ⋆ g =
∞∑
k=0
~
kCk(f, g), (2.1)
which extends C[[~]]-linearly to C∞(M)[[~]]× C∞(M)[[~]], such that
(i) Ck are bidifferential operators,
(ii) C0(f, g) = fg,
(iii) C1(f, g)− C1(g, f) = i{f, g},
(iv)
k∑
l=0
(
Cl(Ck−l(f, g), h)− Cl(f, Ck−l(g, h))
)
= 0,
(v) Ck(f, 1) = Ck(1, f) = 0 for k ≥ 1.
Moreover, we define a deformed Poisson bracket by the formula
[[f, g]]⋆ =
1
i~
[f, g] =
1
i~
(f ⋆ g − g ⋆ f). (2.2)
The ⋆-product and the deformed Poisson bracket have the following properties:
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(a) f ⋆ g = fg + o(~),
(b) [[f, g]] = {f, g}+ o(~),
(c) f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h (associativity),
(d) f ⋆ 1 = 1 ⋆ f = f .
Properties (a) and (b) follows respectively from (ii) and (iii), property (c) is a result of (iv), and property (d)
follows from (v). Thus the space C∞(M)[[~]] endowed with the ⋆-product and the deformed Poisson bracket
[[ · , · ]] is a deformation of the classical Poisson algebra C∞(M).
On a Poisson manifold Rd, where d = 2n+ k, endowed with a canonical Poisson tensor
(Pµν) =

 0n In 0k−In 0n 0k
0k 0k 0k

 (2.3)
the simplest star-product is a Moyal product
f ⋆M g = f exp
(
1
2
i~Pµν
←−
∂ xµ
−→
∂ xν
)
g. (2.4)
Another example of the star-product (2.1) used in a quantization procedure is a product of the form
f ⋆ g = f exp
(
1
2
i~Pµν
←−
Dµ
−→
Dν
)
g
=
∞∑
k=0
1
k!
(
i~
2
)k
Pµ1ν1 · · · Pµkνk(Dµ1 · · ·Dµkf)(Dν1 · · ·Dνkg), (2.5)
where Pµν are given by (2.3) and D1, . . . , Dd are globally defined pair-wise commuting vector fields such that
P = PµνDµ ⊗Dν . (2.6)
The star-product (2.5) is well defined on Poisson manifolds (M,P) for which a Poisson tensor P can be
globally written in the form (2.6).
The sequence of vector fields D1, . . . , Dd is not uniquely specified by the condition (2.6) but there exists
the whole family of such sequences. Every such sequence of vector fields defines a star-product of the form
(2.5). Thus there exists the whole family of star-products (2.5) associated to the same Poisson tensor P . All
these star-products are related to each other by automorphisms of the Poisson manifold (M,P), i.e. if ⋆ and
⋆′ are star-product (2.5) induced by sequences of vector fields D1, . . . , Dd and D
′
1, . . . , D
′
d then there exists
an automorphism T such that
(Dµf) ◦ T = D
′
µ(f ◦ T ), (2.7)
from which follows that
(f ⋆ g) ◦ T = (f ◦ T ) ⋆′ (g ◦ T ). (2.8)
If, in particular, we choose some global classical canonical coordinate system (x1, . . . , xd) on M then a star-
product (2.5) induced by coordinate vector fields ∂x1 , . . . , ∂xd is a Moyal product in these coordinates and all
other star-products from the family (2.5) are related to the Moyal product by a classical canonical coordinate
transformation T . More details of the use of the star-product (2.5) in a quantization procedure the reader
can find in [13].
Recall that a coordinate system (x1, . . . , xd) is classical canonical iff
{xµ, xν} = Pµν , (2.9)
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where Pµν are given by (2.3). In a complete analogy a coordinate system (x1, . . . , xd) is called quantum
canonical iff
[[xµ, xν ]] = Pµν . (2.10)
As a motivation for further considerations let us consider a classical Hamiltonian system described by
a phase space (Poisson manifold) (M,P). The quantization of this system in accordance to deformation
quantization theory is performed by introducing a star-product ⋆ on M and associating to each measurable
quantity smooth complex-valued function defined on M . Then, equivalently, the same quantization could be
described by another star-product ⋆′ equivalent with the star-product ⋆ and by such assignment of functions
to measurable quantities that to a given measurable quantity corresponds function S−1f where f is a function
from the first quantization scheme corresponding to the same measurable quantity, and S is the equivalence
morphism between star-products ⋆′ and ⋆.
Quite often we are interested in a local description of a quantization. That is, if (x1, . . . , xd) are coordinates
on a Poisson manifold M , defined on a domain O ⊂M and whose image is an open subset U ⊂ Rd, then we
can write the ⋆-product in these coordinates receiving a product in the algebra C∞(U)[[~]] denoted hereafter
by ⋆(x). If, moreover, the coordinates (x1, . . . , xd) are at the same time classical and quantum canonical, then
in these coordinates the components of the Poisson tensor P take the form (2.3). On U we can also define a
Moyal product (2.4) associated to the same Poisson tensor P . In what follows we will prove that in this case
⋆(x)-product and the Moyal product are equivalent. Thus, locally the quantization given by the ⋆-product is
equivalent with the Moyal quantization, provided that to measurable quantities we will assign functions of
the form S−1f as explained above. In other words, locally a given quantization can be described in terms of
the Moyal product, however the exact form of the equivalence morphism S between the Moyal product and
the ⋆-product is needed.
As an example let us consider a Poisson manifold M in the form of a cotangent bundle T ∗Q to a Rieman-
nian manifoldQ. Assume we perform a quantization, of a classical system described by such Poisson manifold,
by means of some ⋆-product. We may want to construct an operator representation, of the received quantum
system, in the Hilbert space L2(Q). That is, if we choose some coordinate system (q1, . . . , qN ) on Q, then the
induced canonical coordinate system (q1, . . . , qN , p1, . . . , pN) on T
∗Q will be quantum canonical. We may
want then to prescribe to functions f on T ∗Q written in the canonical coordinates (q1, . . . , qN , p1, . . . , pN)
appropriately ordered operator functions f(qˆ, pˆ), where qˆi, pˆj are operators of position and momentum cor-
responding to the coordinate system (q1, . . . , qN , p1, . . . , pN ).
The appropriate operator representation may be constructed using the property that the given quanti-
zation is locally equivalent with the Moyal quantization. Since we know that for the Moyal quantization
corresponds Weyl (symmetric) ordering of operators qˆi, pˆj then to a function f on T
∗Q written in the canon-
ical coordinates (q1, . . . , qN , p1, . . . , pN) should correspond Weyl ordered operator function S
−1f(qˆ, pˆ), where
S is the equivalence morphism between the Moyal product and the ⋆-product. The formula S−1f(qˆ, pˆ) could
be viewed as a definition of a new S-ordering of operators qˆi, pˆj . Note, that for a different coordinate system
(q′1, . . . , q′N , p′1, . . . , p
′
N ) we would get different morphism S and different S-ordering, so that the operator
representation will be consistent with the change of coordinates. Note also, that for natural star-products on
T ∗Q introduced in Section 3 the corresponding equivalence morphism S with the Moyal product will have
such property that in its ~-expansion only finite number of terms will give non-zero contribution when acting
on functions polynomial in momenta. For instance, if f(q, p) = Kij(q)pipj , then the action of the morphism
S given by (3.9) results in the following function
S−1f(q, p) = Kij(q)pipj −
~2
4
(
K
ij
,k(q)Γ
k
ij(q) +K
ij(q)Γkli(q)Γ
l
kj(q)
)
. (2.11)
More details on the presented approach to quantization and the construction of the operator representation
the reader can find in [11–13].
The above example shows that it is important to have a systematic construction of the equivalence
morphism S. In the following theorem formulas for the construction of the morphism S order by order in
~ are given, together with the proof of the existence of the equivalence morphism S for every star-product.
The proof of the existence of the morphism S is based on the results of [14].
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Theorem 2.1. For a Poisson manifold (M,P) together with a star-product ⋆ defined on it and for any
coordinate system (x1, . . . , xd) on M , whose image is an open subset U ⊂ Rd, and which is at the same time
classical and quantum canonical with respect to the ⋆-product, there exists a unique series S of the form
S = id+
∞∑
k=1
~
kSk, (2.12)
where Sk are differential operators on C
∞(U)[[~]], such that
S(f ⋆
(x)
M g) = Sf ⋆
(x) Sg, (2.13a)
Sxα = xα, (2.13b)
where ⋆
(x)
M is a star-product which in the coordinates (x
1, . . . , xd) is of the form of the Moyal product. The
operators Sk will satisfy the following recurrence relations for k ≥ 1
[Sk, x
α](f) =
1
2
k∑
l=1
(
Cl(x
α, Sk−l(f)) + Cl(Sk−l(f), x
α)
)
, f ∈ C∞(M). (2.14)
Proof. We will show that the searched morphism S on monomials takes the form
S(xα1 · · ·xαr ) =
1
r!
∑
σ∈Sr
xσ(α1) ⋆(x) · · · ⋆(x) xσ(αr), (2.15)
where Sr is the group of all permutations of the set {1, 2, . . . , r}. The morphism S can be then linearly
extended to the space of all polynomials Pol. We will prove that S can be uniquely extended to the space
C∞(U)[[~]]. First, we will show that from (2.15) using the quantum canonicity of the coordinate system we
get the following relations:
S(xα ⋆
(x)
M f) = x
α ⋆(x) S(f), (2.16a)
S(f ⋆
(x)
M x
α) = S(f) ⋆(x) xα, (2.16b)
for f ∈ Pol. Indeed, we calculate that
xα ⋆
(x)
M f = x
αf +
1
2
i~Pαβ∂xβf, (2.17)
from which we get that
xα ⋆
(x)
M x
α1 · · ·xαr = xαxα1 · · ·xαr +
1
2
i~
r∑
s=1
Pααsxα1 · · ·xαs−1xαs+1 · · ·xαr . (2.18)
On the other hand from (2.15) we have that
S(xαxα1 · · ·xαr ) =
1
(r + 1)!
∑
σ∈Sr+1
xσ(α) ⋆(x) xσ(α1) ⋆(x) · · · ⋆(x) xσ(αr). (2.19)
After the commutation of xα to the left in each term of the right hand side of (2.19), and by using the
quantum canonicity condition (2.10) we get
S(xαxα1 · · ·xαr ) =
1
r!
∑
σ∈Sr
xα ⋆(x) xσ(α1) ⋆(x) · · · ⋆(x) xσ(αr)
−
1
2
i~
1
(r − 1)!
∑
σ∈Sr
Pασ(α1)xσ(α2) ⋆(x) · · · ⋆(x) xσ(αr)
= xα ⋆(x) S(xα1 · · ·xαr )−
1
2
i~
r∑
s=1
PααsS(xα1 · · ·xαs−1xαs+1 · · ·xαr ). (2.20)
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Combining (2.18) and (2.20) we receive
S(xα ⋆
(x)
M x
α1 · · ·xαr ) = xα ⋆(x) S(xα1 · · ·xαr ), (2.21)
which shows (2.16a). Equation (2.16b) can be proved analogically.
Adding (2.16a) to (2.16b) we get the following recurrence relations on S:
S(xαf) =
1
2
(
xα ⋆(x) S(f) + S(f) ⋆(x) xα
)
, f ∈ Pol. (2.22)
After expanding the ⋆(x)-product and morphism S in the formula (2.22) we get
∞∑
k=0
~
kSk(x
αf) =
1
2
∞∑
l=0
∞∑
n=0
~
l+n
(
Cl(x
α, Sn(f)) + Cl(Sn(f), x
α)
)
=
∞∑
k=0
~
k 1
2
k∑
l=0
(
Cl(x
α, Sk−l(f)) + Cl(Sk−l(f), x
α)
)
. (2.23)
From (2.23) we get the following recurrence relations on Sk for k ≥ 0:
Sk(x
αf) =
1
2
k∑
l=0
(
Cl(x
α, Sk−l(f)) + Cl(Sk−l(f), x
α)
)
, (2.24)
which can be rewritten in the form
[Sk, x
α](f) =
1
2
k∑
l=1
(
Cl(x
α, Sk−l(f)) + Cl(Sk−l(f), x
α)
)
, k ≥ 1. (2.25)
Before going further, we need a lemma.
Lemma 2.1 (Dito [14]). Let ψ : Pol → C∞(U), where U is an open subset of Rd, be an C-linear map such
that ψ(1) = ψ(xα) = 0, and let φ : C∞(U) × C∞(U) → C∞(U) be a bidifferential operator vanishing on
constants. If ψ satisfies
[ψ, xα](f) = φ(xα, f), f ∈ Pol, (2.26)
then there exists exactly one differential operator η on U such that ψ = η|Pol.
The term of order 1 in (2.25) yields [S1, x
α](f) =
1
2
(
C1(x
α, f) + C1(f, x
α)
)
. The right hand side of
this equality is a bidifferential operator acting on xα, f and vanishing on constants. Hence, by virtue of
Lemma 2.1, S1 uniquely extends to a differential operator. Now, through similar arguments and by induction
on k each Sk uniquely extends to a differential operator. Clearly, the map S can be naturally extended to a
C[[~]]-linear map on C∞(U)[[~]].
Each monomial xα1 · · ·xαr can be written as a ⋆
(x)
M -polynomial:
xα1 · · ·xαr =
1
r!
∑
σ∈Sr
xσ(α1) ⋆
(x)
M · · · ⋆
(x)
M x
σ(αr). (2.27)
Thus, using (2.16a) we get for f ∈ Pol
S
(
(xα1 · · ·xαr ) ⋆
(x)
M f
)
=
1
r!
∑
σ∈Sr
S(xσ(α1) ⋆
(x)
M · · · ⋆
(x)
M x
σ(αr) ⋆
(x)
M f)
=
1
r!
∑
σ∈Sr
xσ(α1) ⋆(x) S(xσ(α2) ⋆
(x)
M · · · ⋆
(x)
M x
σ(αr) ⋆
(x)
M f)
=
1
r!
∑
σ∈Sr
xσ(α1) ⋆(x) · · · ⋆(x) xσ(αr) ⋆(x) S(f) = S(xα1 · · ·xαr ) ⋆(x) S(f). (2.28)
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Hence, for polynomials f, g we have
S(f ⋆
(x)
M g) = S(f) ⋆
(x) S(g). (2.29)
On the other hand S can be used to define a star-product ⋆′ equivalent to the ⋆(x)-product through the
formula
S(f ⋆′ g) = S(f) ⋆(x) S(g). (2.30)
Both star-products ⋆
(x)
M and ⋆
′ agree on polynomials, therefore must be equal, since two bidifferential operators
equal on Pol× Pol are equal. This shows the existence of the searched morphism S. The uniqueness follows
from the fact that any morphism S satisfying (2.13) also satisfies (2.16), and using quantum canonicity of
the coordinate system from this we deduce that S on monomials takes the form (2.15).
If the ⋆-product besides the conditions (i)–(v) satisfies also the parity condition
Ck(f, g) = (−1)
kCk(g, f), f, g ∈ C
∞(M), (2.31)
then relations (2.14) take the form
[S1, x
α](f) = 0, (2.32a)
[S2k+1, x
α](f) =
k∑
l=1
C2l(x
α, S2(k−l)+1(f)), (2.32b)
[S2k, x
α](f) =
k∑
l=1
C2l(x
α, S2(k−l)(f)), (2.32c)
for k ≥ 1. From (2.32a) follows that S1 is an operator of multiplication by function. By virtue of (2.13b)
this function has to be equal 0. In the same manner from (2.32b) S2k+1 = 0 for k ≥ 1. Thus, in this special
case only terms of even order in the expansion of S are non-zero and they are given by (2.32c).
Note, that if (x1, . . . , xd) is a purely quantum canonical coordinate system, i.e. it is not at the same
time classical canonical, then it must depend on ~ and, in fact, will be a deformation of some classical
canonical coordinate system. The components Pµν of the Poisson tensor P for such purely quantum canonical
coordinate system will also depend on ~ and can be expanded in the following series
Pµν = Pµν0 + ~P
µν
1 + ~
2Pµν2 + o(~
3), (2.33)
where Pµν0 are of the form (2.3). In consequence, the bidifferential operators Ck from the expansion (2.1) of
the ⋆-product written in the coordinates (x1, . . . , xd) will depend on ~. Expanding Ck in the power series of
~ allows to write the ⋆(x)-product in the form
f ⋆(x) g =
∞∑
k=0
~
kC′k(f, g), (2.34)
where C′k are new bidifferential operators which are independent on ~, and satisfy conditions (i)–(v), where in
condition (iii) the Poisson bracket, in accordance to (2.33), is associated to the Poisson tensor P0. As a result
the ⋆(x)-product can be considered as a coordinate representation, with respect to the coordinate system
(x1, . . . , xd), of some star-product on a Poisson manifold (O,P0). The coordinates (x
1, . . . , xd) are then
classical and quantum canonical. Thus, Theorem 2.1 is also valid for a purely quantum canonical coordinate
system (x1, . . . , xd). However, the Moyal product ⋆
(x)
M will no longer be associated to the Poisson tensor P ,
but to some other Poisson tensor.
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3 Form of the morphism S
In this section we will use Theorem 2.1 to derive the form of the morphism S. It is straightforward to
calculate that the solution of (2.14), in a general case, is of the form
Sk =
∞∑
n=1
1
n!
[xα1 , . . . , [xαn−1 , Fαnk ]]∂xα1 · · · ∂xαn , (3.1)
where Fαk (f) =
1
2
k∑
l=1
(
Cl(x
α, Sk−l(f)) + Cl(Sk−l(f), x
α)
)
. Indeed,
[Sk, x
α] = −
∞∑
n=1
1
n!
[xα, [xβ1 , . . . , [xβn−1 , F βnk ]]]∂β1 · · · ∂βn
+
∞∑
n=1
1
(n− 1)!
[xβ1 , . . . , [xβn−1 , Fαk ]]∂β1 · · · ∂βn−1
= −
∞∑
n=1
1
n!
[xβ1 , . . . , [xβn , Fαk ]]∂β1 · · ·∂βn
+
∞∑
n=0
1
n!
[xβ1 , . . . , [xβn , Fαk ]]∂β1 · · · ∂βn = F
α
k . (3.2)
Note, that when Ck are bidifferential operators of finite order then the sum in (3.1) will be finite.
We will now calculate the formulas for the morphism S for particular classes of star-products.
3.1 Case of a canonical star-product on T ∗Q with a flat base manifold Q
Let Q be an n-dimensional manifold endowed with a flat torsionless linear connection ∇. Let us consider the
cotangent bundle to Q, M = T ∗Q. On M there exists a natural symplectic form ω, which induces a natural
Poisson tensor P = ω−1. The linear connection ∇ induces a flat torsionless symplectic connection ∇˜ on M ,
which Christoffel symbols in induced canonical coordinates (x1, . . . , x2n) = (q1, . . . , qn, p1, . . . , pn) are given
by the formula [15]
Γ˜ijk = Γ
i
jk, Γ˜
i¯
j¯k = −Γ
j
ik, Γ˜
i¯
jk¯
= −Γkji, Γ˜
i¯
jk = pl(Γ
r
jkΓ
l
ri + Γ
r
ikΓ
l
rj − Γ
l
ij,k), (3.3)
with the remaining components equal zero, where i¯ = n+ i and , k denotes the partial derivative with respect
to qk. On (M,ω, ∇˜) there exists a natural star-product given by the formula [2, 3]
f ⋆ g =
∞∑
k=0
1
k!
(
i~
2
)k
Pµ1ν1 · · · Pµkνk(∇˜ · · · ∇˜︸ ︷︷ ︸
k
f)µ1...µk(∇˜ · · · ∇˜︸ ︷︷ ︸
k
g)ν1...νk . (3.4)
If (q1, . . . , qn) are coordinates on Q whose image is an open subset U ⊂ Rn and (x1, . . . , x2n) =
(q1, . . . , qn, p1, . . . , pn) are induced classical canonical coordinates on T
∗Q with image T ∗U = U × Rn, then
these coordinates are quantum canonical with respect to the ⋆-product. The ⋆-product can be written in
these coordinates resulting in a star-product in the algebra C∞(T ∗U)[[~]]. In this algebra the Moyal product
can also be defined. In accordance to Section 2 these two star-products are equivalent and in what follows
the equivalence morphism S to the fourth order in ~ will be derived.
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It can be calculated that the operators Ck(x
α, · ) take the form
Ck(q
j , · ) =
1
k!
(
i
2
)k
(∇ · · ·∇︸ ︷︷ ︸
k
qj)j1...jk∂pj1 · · ·∂pjk , (3.5a)
Ck+1(pj , · ) =
1
(k + 1)!
(
i
2
)k+1 (
f rjj1...jk+1 − (k + 1)f
l
j(j1...jk
Γrjk+1)l
)
pr∂pj1 · · · ∂pjk+1
−
1
k!
(
i
2
)k+1
f ljj1...jk∂ql∂pj1 · · · ∂pjk −
1
(k − 1)!
(
i
2
)k+1
f rjl(j1...jk−1Γ
l
jk)r
∂pj1 · · · ∂pjk , (3.5b)
where functions f ljj1...jk are given recursively by
f ljj1...jk+1 = f
l
j(j1...jk,jk+1)
+ f rj(j1...jkΓ
l
jk+1)r
− kf ljr(j1...jk−1Γ
r
jkjk+1)
, (3.6a)
f ljj1 = Γ
l
jj1
. (3.6b)
We are using here the following notation: round brackets () enclosing a group of indices are to be understood
as a symmetrization with respect to this group of indices. Indeed, using (3.3) one receives that
(∇˜ · · · ∇˜︸ ︷︷ ︸
k
qj)j1...jk = (∇ · · ·∇︸ ︷︷ ︸
k
qj)j1...jk , (3.7a)
(∇˜ · · · ∇˜︸ ︷︷ ︸
k+1
pj)j1...jk+1 =
(
f rjj1...jk+1 − (k + 1)f
l
j(j1...jk
Γrjk+1)l
)
pr, (3.7b)
(∇˜ · · · ∇˜︸ ︷︷ ︸
k+1
pj)l¯j1...jk = f
l
jj1...jk
, (3.7c)
where remaining terms are equal zero, and
(∇˜ · · · ∇˜︸ ︷︷ ︸
k
g)j¯1...j¯k = ∂pj1 · · · ∂pjk g, (3.8a)
(∇˜ · · · ∇˜︸ ︷︷ ︸
k+1
g)lj¯1...j¯k = ∂ql∂pj1 · · · ∂pjk g + Γ
j1
lj ∂pj · · · ∂pjk g + · · ·+ Γ
jk
lj ∂pj1 · · · ∂pjg. (3.8b)
From (3.7) and (3.8) one receives (3.5).
Using a computer algebra program one can calculate that the second and fourth order terms in the
expansion of the morphism S with respect to ~ take the form
S2 =
1
8
Γijk∂qi∂pj∂pk +
1
8
ΓiljΓ
l
ik∂pj∂pk +
1
24
(
2ΓinlΓ
n
jk − Γ
i
jk,l
)
pi∂pj∂pk∂pl , (3.9a)
S4 = Sj1j2j3j4∂pj1∂pj2∂pj3 ∂pj4 + S
i
j1j2j3j4
∂qi∂pj1 ∂pj2∂pj3 ∂pj4
+ Si1i2j1j2j3j4∂qi1 ∂qi2∂pj1 ∂pj2∂pj3 ∂pj4 + S
r
j1j2j3j4j5
pr∂pj1 ∂pj2∂pj3 ∂pj4∂pj5
+ Srij1j2j3j4j5pr∂qi∂pj1∂pj2 ∂pj3∂pj4∂pj5 + S
rs
j1j2j3j4j5j6
prps∂pj1 ∂pj2∂pj3 ∂pj4∂pj5 ∂pj6 , (3.9b)
where
Sj1j2j3j4 =
1
384
(
−4Γkl(j1Γ
l
j2j3,j4)k
− 4ΓklnΓ
l
k(j1
Γnj2j3,j4) + 8Γ
k
n(j1
Γl|k|j2Γ
n
j3j4),l
+ 8Γnkl,(j1Γ
k
j2j3
Γlj4)n
+ 8ΓklnΓ
l
m(j1
Γnj2j3Γ
m
j4)k
+ 3Γkl(j1Γ
l
j2|k
Γnm|j3Γ
m
j4)n
− 6Γkm(j1Γ
l
j2|k
Γnl|j3Γ
m
j4)n
)
, (3.10a)
Sij1j2j3j4 =
1
384
(
−Γi(j1j2,j3j4) + 5Γ
k
(j1j2
Γij3j4),k − 2Γ
i
k(j1
Γkj2j3,j4) + 6Γ
k
l(j1
Γij2j3Γ
l
j4)k
+ 2Γk(j1j2Γ
l
j3j4)
Γikl
)
,
(3.10b)
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Si1i2j1j2j3j4 =
1
128
Γi1(j1j2Γ
i2
j3j4)
, (3.10c)
Srj1j2j3j4j5 =
1
1920
(
Γr(j1j2,j3j4j5) − 9Γ
k
(j1j2
Γrj3j4,j5)k − 2Γ
r
k(j1
Γkj2j3,j4j5) + 3Γ
r
k(j1,j2
Γkj3j4,j5)
− 7Γkl(j1Γ
l
j2j3,j4
Γrj5)k − 9Γ
r
klΓ
k
(j1j2
Γlj3j4,j5) − 10Γ
k
l(j1
Γrj2j3,j4Γ
l
j5)k
+ 16Γrl(j1Γ
k
j2j3
Γlj4j5),k
+ 6Γrkl,(j1Γ
k
j2j3
Γlj4j5) + 20Γ
r
k(j1
Γkj2j3Γ
l
|n|j4
Γnj5)l + 16Γ
r
n(j1
Γkj2j3Γ
l
j4j5)
Γnkl
)
, (3.10d)
Srij1j2j3j4j5 =
1
192
(
−Γi(j1j2Γ
r
j3j4,j5)
+ 2Γrk(j1Γ
k
j2j3
Γij4j5)
)
, (3.10e)
Srsj1j2j3j4j5j6 =
1
1152
(
Γr(j1j2,j3Γ
s
j4j5,j6)
− 4Γrk(j1Γ
k
j2j3
Γsj4j5,j6) + 4Γ
r
k(j1
Γkj2j3Γ
l
j4j5
Γsj6)l
)
, (3.10f)
and, as before, round brackets enclosing a group of indices denote a symmetrization with respect to this
group of indices. The fixed indices (those not used in the symmetrization) are distinguished by vertical lines.
Let us notice that the S2 term is necessary for quantizations of Hamiltonians which are quadratic and
cubic in momenta [13] while S4 term is important for quantizations of Hamiltonians which are of forth and
fifth order in momenta, respectively.
3.2 Case of a star-product on a general symplectic manifold
Let (M,ω, ∇˜) be a symplectic manifold endowed with a symplectic torsionless linear connection ∇˜. Consider
on such manifold a star-product which to the second order in ~ is of the form
f ⋆ g = fg +
i~
2
Pµν(∇˜µf)(∇˜νg) +
1
2
(
i~
2
)2
Pµ1ν1Pµ2ν2
(
(∇˜∇˜f)µ1µ2(∇˜∇˜g)ν1ν2 − aR˜µ1µ2(∇˜ν1f)(∇˜ν2g)
)
+ o(~3), (3.11)
where P = ω−1, a ∈ R and R˜µν is a Ricci curvature tensor. An example of such product, in the case a = 0,
is a Fedosov star-product [5]. It can be checked that the star-product (3.11) is indeed associative up to
the second order in ~. Note, that in the case of a flat connection ∇˜ this star-product takes the form (3.4).
Observe, moreover, that although in the simplest case a = 0 the expansion of the star-products (3.4) and
(3.11) coincide up to the second order in ~, this will not be the case for higher order terms as the star-product
in the form (3.4) for a non-flat connection is not associative.
The second order term in the expansion of the morphism S with respect to ~ takes the form
S2 = −
1
24
Γ˜αβγ∂
α∂β∂γ +
1
16
(Γ˜µναΓ˜
ν
µβ + aR˜αβ)∂
α∂β, (3.12)
where Γ˜αβγ = ωαδΓ˜
δ
βγ and ∂
α = Pαβ∂β . To prove (3.12) first note that the condition that ∇˜ has vanishing
torsion can be restated as
Γ˜αβγ = Γ˜
α
γβ, (3.13)
and the condition that ∇˜ is symplectic (ωµν;α = 0, P
µν
;α = 0) in canonical coordinates can be restated as
PδβΓ˜αβγ = P
αβΓ˜δβγ , (3.14a)
ωδαΓ˜
α
βγ = ωβαΓ˜
α
δγ . (3.14b)
From conditions (3.13) and (3.14b) we get that ∇˜ is symplectic and torsionless iff Γ˜αβγ is symmetric with
respect to indices α, β, γ [15]. Now, from (3.11) and (3.14a) we get that
C2(x
α, · ) = −
1
8
Pµ1ν1Pµ2ν2
(
(∇˜∇˜xα)µ1µ2(∇˜∇˜( · ))ν1ν2 − aR˜µ1µ2(∇˜ν1x
α)∇˜ν2
)
=
1
8
Pµ1ν1Pµ2ν2
(
Γ˜αµ1µ2(∂ν1∂ν2 − Γ˜
β
ν1ν2
∂β)− aR˜µ1µ2δ
α
ν1
∂ν2
)
=
1
8
Γ˜αµ1µ2∂
µ1∂µ2 +
1
8
Pµ1αΓ˜ν1µ1µ2Γ˜
µ2
ν1ν2
∂ν2 +
1
8
aPµ1αR˜µ1µ2∂
µ2 . (3.15)
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On the other hand
[S2, x
α] = −
1
24
PδαΓ˜δβγ∂
β∂γ −
1
24
PβαΓ˜δβγ∂
δ∂γ −
1
24
PγαΓ˜δβγ∂
δ∂β
+
1
16
PγαΓ˜µνγ Γ˜
ν
µβ∂
β +
1
16
PβαΓ˜µνγ Γ˜
ν
µβ∂
γ +
1
16
aPγαR˜γβ∂
β +
1
16
aPβαR˜γβ∂
γ
=
1
8
Γ˜αβγ∂
β∂γ +
1
8
PγαΓ˜µνγ Γ˜
ν
µβ∂
β +
1
8
aPγαR˜γβ∂
β. (3.16)
Hence, [S2, x
α] = C2(x
α, · ) which proves (3.12).
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